I. INTRODUCTION
Recent experiments on He-N2 mixtures at high pressure have revealed a surprising new phenomenon: the formation of a van der Waals compound.! By a combination of x-ray diffraction, Raman spectroscopy, and optical microscopy, it was found that a stoichiometric solid phase (i.e., of fixed composition, in other words a compound) He(N 2 ) II is formed at 7.7 GPa at room temperature and stable to at least 20 GPa. In this phase, the components essentially retain their gas-phase van der Waals-like identity. Similarly, another recent study has claimed evidence for a compound Ne(Heh on the basis of visual observations. 2 The reasons for these results are sought in an analogy with the behavior of hard-sphere mixtures. For those systems, Murray and Sanders 3 have shown that ordered structures, such as AB, AB 2 , and ABI3 have a higher packing fraction than the pure component phases for diameter ratios of the components up to 0.62, and are therefore expected to be stable. 4 Indeed, the thermodynamic stability of a hard-sphere AB!3 compound with respect to phase separation has been confirmed through computer simulations for diameter ratios near 0.58. S However, to help understand the behavior of molecular mixtures, it is important to perform calculations using realistic potentials. Since the behavior of the N2-He system is probably critically dependent on the anisotropy of the potentials, we have rather chosen to investigate rare-gas mixtures, because of their computationally more tractable spherically symmetric potentials. In this paper, calculations are done up to 20 GPa for the mixture He-Xe, since this system has a diameter ratio near 0.6 (see Sec. III B) and thus seems the most likely rare-gas mixture to form a compound phase on the basis of the geometric arguments 3 mentioned" above. We will also briefly comment on the mixture He-Ne, that has been observed recently.2 An important difference between hard spheres and real systems is that the unlike interaction in real systems is not necessarily the mean of the like interaction. Therefore, the unlike potential needs considerable attention, since an arbitrary choice could stabilize or destabilize a compound phase at will.
The paper is organized as follows: Sec. II describes the theoretical methods used for computing free energies and Sec. III, the choice of the intermolecular potentials. In Sec. IV the results are presented and Sec. V contains a discussion.
II. COMPUTATION OF THE FREE ENERGY
The thermodynamic stability of a van der Waals compound at fixed temperature and pressure is determined by the comparison of its Gibbs free energy with that of other phases. In principle, the Gibbs free energy of all possible phases (liquid, solid solutions with various crystalline structures, and van der Waals compounds) must be computed as a function of composition. The phase diagram is then obtained by constructing the convex envelope of the resulting set of curves (for the solutions in which the composition can assume any value) and points (for the stoichiometric compounds). This full program is obviously not practically feasible, and in this work we shall content ourselves with determining the thermodynamic stability of the van der Waals compounds relative to the pure solid phases. The physical assumption underlying this restriction is that the size difference between He and Xe is so large that the solid phase solubilities are extremely small, which is justified by calculations and computer simulations. Even with this restriction, the exact determination of the Gibbs free energy (or equivalently of the Helmholtz free energy) using computer simulations 7 is a computationally demanding task. The uncertainties on the interaction between He and Xe (see Sec. III C) made necessary an investigation of several different pair potentials, and rendered this exact determination too costly. Other (approximate) methods of calculating solid free energies include self-consistent phonon theory, 8 density functional theory of freezing, 9 and two recently proposed approximation schemes,1O the "local harmonic (LH)" and the "variational Gaussian (VG)" approximation. Since both of the latter methods have been shown to offer an excellent tradeoff between accuracy and computational efficiency, we have chosen to use them to study the stability of van der Waals compounds. The two methods are briefly summarized below.
In the LH approximation, each atom on the lattice is treated as an independent three dimensional harmonic oscillator. The three oscillation frequencies {J)p,i' (/1= 1,3) of the atom i with average position R? are obtained by diagonalizing the 3 X 3 "local dynamical matrix" formed with the second derivatives of the total potential energy with respect to the coordinates of this atom, all others being held at their average position. The free energy for atoms interacting via pair potentials <P is then given by 1", 0 0
(1)
In the classical limit (wi k BT) < 1, this becomes
[WPi]
with the first order quantum correction equal to
In the same spirit, the VG method (which has been described several times by independent groups) 11,12 makes use of the Gibbs-Bogoliubov variational principlel3 with a trial Hamiltonian of the form
The optimal value of the parameters ai is then determined by minimizing the variational free energy
Fvar=Fo+{H-Ho},
where Ai is the de Broglie wavelength of atom i, the brackets denote averaging in the harmonic reference system, and wij is an effective interaction between atoms i andj given by
Both the LH and the VG method are easily implemented, even for relatively complex crystal structures. The straightforward LH method has the advantage of accounting for quantum effects. The slightly more involved VG method, on the other hand, takes into account anharmo- nicities in a fashion reminescent of self-consistent phonon theory. It was shown by LeSar et af. 10 that both approximations yield accurate predictions for the free energy of perfect and defective face-centered-cubic (fcc) crystals, when compared to exact calculations from computer simulations. We have performed molecular dynamics (MD) simulations of pure hexagonal-close-packed (hcp) helium, fcc xenon, and of a mixed compound XeHe2' using systems of a 250 to 500 particles. These simulations all confirm the great accuracy of these methods for predicting thermodynamic properties such as pressure (see Fig. 1 ) and internal energy. The pressures agree very well, to within 3%. We found, however, that the mean square displacements of the atoms from their equilibrium positions is strongly underestimated (by about a factor of 2) in both approximations. This failure can be traced back to the "single atom" nature of both methods, which makes them unable to account for the existence of long wavelength collective modes. Nevertheless, the LH and VG approximations are valuable tools for calculating thermodynamic properties, since such modes contribute least to the free energy and give a good agreement with simulation results. 10
III. INTERMOLECULAR POTENTIALS
In order to test the reliability of the intermolecular potentials of He, Xe, and He-Xe for the high-pressure regime aimed at, it is necessary to compare theoretical results using these potentials to available experimental data at high pressure. For pure helium and pure xenon, ample data are available. Unfortunately, for He-Xe the only data that we are aware of are the fluid-fluid phase separation curves and volumes of the coexisting phases, measured up to 0.2 GPa by de Swaan Arons and Diepen 14 and later confirmed by Hanayama.
1S Thus, to constrain the He-Xe potential, calculations have to be performed in the fluid region. This implies that the Xe and He potentials should not only be good in the solid phases at high pressure but also in the fluid region where the He-Xe calculations are done.
A. Helium
In the case of helium, an effective pair potential 16 of the three-parameter Buckingham exponential-6 (exp-6) form was shown to provide a good description of experimental data over a wide range of densities and temperatures by Young et al. (YMR) .17 The potential ¢ as a function of intermolecular distance r is given by
where E is the well depth, r* the separation at the minimum of the well, and a a parameter that governs the stiffness of the repulsive wall. Recently, an improvement has been proposed by Kortbeek and Schouten l8 (KS) who fitted the three parameters to high-precision sound-velocity data up to 1 GPa in the fluid phase and found E=9.76 K, r*=3.0826 A, and a= 12.55. This parameter set also describes room temperature sound-velocity data up to 12 GPa (Ref. 19) very well, as well as shock compression data at very high temperature. 20 Since we are here also interested in the behavior in the high-density solid phase, we have performed MD simulations of the hcp phase of He with both potentials. The first order quantum correction to the pressure obtained from the simulations was calculated using the LH method (Eq. 3); it amounts to about 4% for the KS potential and 5% for the YMR potential. In Table  I , the calculated p( V) results are compared to the room temperature x-ray diffraction results of Mao et al. 21 As can be seen, both potentials are in good agreement with the experiments, although in both cases the deviations increase with decreasing volume up to 6% for KS and 8% for YMR. We have decided to use the KS potential in this work since it provides a better description of the fluid phase. IS
B.Xenon
An excellent statistical mechanical description of xenon up to 175 GPa has recently been given by Kim et al. 22 They used a combination of pure pair potentials and manybody corrections to obtain good agreement with experimental data in both the fluid and the solid states. Many-~ body potentials, unfortunately, are not well adapted to the kind of computations we consider. Parameters for a exp-6 potential for xenon have been proposed in Ref. 23, but since these were obtained from a corresponding states analysis and are thus not necessarily optimal, we decided to adjust an exp-6 potential to experimental data in the fluid and solid phases. For the fluid phase, we compared to p( V,T) data of Michels et al., 24 since these data are of higher accuracy than those of Vidal et al. 25 and span a range of temperatures. Variational calculations 26 were done at 323.15, 373.15, and 423.15 K, at densities where the compressibility factor is greater than 1. The reason for this is that at lower temperatures and lower densities, one gets too close to the critical region and consequently the agreement between variational calculation and computer simulation results gets worse. 26 The adjustment of the potential was done by systematically varying the parameters a, E, and r* in small steps over a certain range and comparing to 15 experimental data points. We found several parameter sets that yielded an overall standard deviation less than a bound that we (arbitrarily) set at 1.5 MPa. Most sets had a values of 14 and larger.
At room temperature in the fcc solid phase, three sets of p( V) data have been measured by x-ray diffraction by Schiferl et al 27 up to 23 GPa, by Asaume 8 up to 32 GPa, and by Zisman et al. 29 up to 55 GPa. The last two data sets are expected to be more precise than the first one, but as can be seen in Fig. 2 there are some differences among them.
3o Therefore, we also took into account the p ( V) data of Anderson and Swenson,31 measured at 4 K up to 2 GPa, of Syassen and Holzapfel,32 measured at 85 K up to 12 GPa. When the data sets are reduced to 0 K using a MieGruneisen formulation 33 one finds that those of Anderson and Swenson, Syassen and Holzapfel, and Zisman et a/. are in good mutual agreement. Those of Asaumi deviate from the three other sets. Therefore, we have decided to adjust the potential to the data ofSyassen and Holzapfel (reduced to room temperature) which are compatible with two other sets and extend to the convenient upper limit of 12 GPa. The calculations were done using the LH method. As with the fluid phase, the parameters a, E, and '* were systematically varied and the deviations from the experimental data was calculated. It turned out that optimal values, with standard deviations less than 0.2 GPa were generally obtained for values of a smaller than 14.
Putting together the results obtained for the fluid and solid phases, we find that the following set of potential parameters (a= 14.0, E=226 K, and ,*=4.43 A) gives the best description of both phases. To obtain an additional check on the behavior in the solid phase, MD simulations were performed at room temperature with this pair potential. The corresponding equation of state (Fig. 2) starts to deviatr. from the experimental results at pressures higher than about 20 GPa. This is hardly surprising, since the exp-6 potential is not flexible enough to describe both the fluid phase and the solid phase at a pressure on the order of 100 GPa with high accuracy. Potentials with a large a perform better for intermediate densities, while those with a smaller a compensate for many-body interactions in very high density regimes. With neon, it was found that an exp-6 potential adjusted to fluid state sound velocity data (having a= 14.555) gave reliable solid state results up to about 25 GPa, while one with a= 13.2 gave a better description of the solid phase up to 110 GPa. 34
From the intermolecular potentials of helium and xenon, the diameter ratio can be roughly estimated. If we compare the diameters at the same potential energy for both components, the size ratio decreases from 0.62 at zero energy to 0.50 at 1000 K. Other estimates, such as the ratio of the Barker-Henderson \3 diameters or the ratio of the positions of the first peaks in the He-He and Xe-Xe pair correlation functions in the liquid mixture, all yield values of the diameter ratio between 0.55 and 0.60 at T= 300 K.
C. Helium-xenon
The intermolecular potentials for He-Xe that have been proposed up to now are pure pair potentials 16 and therefore not suitable for our purpose. 35 Thus, it was decided to optimize an exp-6 potential to the available experimental data; the fluid-fluid phase separation curve as reported by de Swaan Arons and Diepen 14 to pressures of 0.2 GPa, since encouraging preliminary results were obtained by Ree. 36 The Gibbs free energy was calculated by a combination of Ross' variational theory26 and an improved van der Waals I-fluid (vdWlf) approximation, which has previously been shown to give good agreement with computer simulations for He-H2 mixtures. 37 Calculations were done at a temperature of 333.15 K which is one of the highest at which experimental results are available, in order to avoid possible complications near the critical temperature of xenon (Tc=290 K). The parameters for the He-Xe potential were constructed using the following combination rules: 38 Fig. 3 ). A better agreement with experiment was searched by varying the three parameters. The result obtained with the Lorentz-Berthelot rule, however, turned out to be one of the best. Raising a to 14 resulted in a shift of the critical point towards a lower composition. Lowering E yielded an increase of Xc and a dramatic drop in Pc while raising it essentially resulted in a sharp decrease of Xc' Varying '* from the Lorentz rule generally resulted in a decrease of Pc and an increase of Xc' At this point, it is not clear why the present results are not as good as Ree's results 36 would suggest they could be. One difference is that in Ref. 36 different potentials were used for the pure components. However, due to unfortunate circumstances it is not known which potential parameters were used in that work. 39 Although the potential obtained using the LorentzBerthelot rules provides a reasonable description of the phase separation curve, we do not have any conclusive evidence that it correctly describes the interaction between He and Xe in the high pressure regimes we are interested in. Moreover, the vdWlf approximation is expected to be less good for such a dissimilar mixture as He-Xe, as compared to He-H 2 • Indeed, comparison of MD simulations and variational+vdWlfcalculations at 333.15 K for a He-Xe mixture showed that the deviations are larger than for He-H 2 ;37 with an unlike potential according to the Lorentz-Berthelot rules, the vdWlf gives pressures that are 18% too high (e.g., 0.345 GPa vs 0.292 GPa at 29.3 cc/mole and 50 mole% Xe). With an unlike potential with parameters a= 14.0, €=65.0 K, and 7*=3.5 A, the pressures from the vdWlf are 8% too high (e.g., 0.266 GPa vs 0.245 GPa under the same conditions as mentioned above). Therefore we shall also consider the possibility of nonzero values for ~ and A. Special attention will also be given to the values that were found to be appropriate for the gas phase pure pair potentials,35 ~=0.46 and ,1.=0.075, which correspond to the set of parameters a= 13.255, E =25.4 K, and 7*=4.038 A.
IV. RESULTS
For the Xe(He)2 phase, we assumed the same AB2 structure as Murray and Sanders. 3 The Xe atoms form close packed hexagonal layers and are in position (0,0,0) of the hexagonal unit cell. The He atoms are in positions (2/3, 1/3, 1/3) and (1/3, 2/3, 1/3) of the hexagonal unit cell and form planar hexagonal layers that alternate with the Xe layers, the Xe atoms sitting above and below the centers of the He rings. The structure is characterized by the ratio cia of the height c of the hexagonal cell to the length a of the hexagon side. For a given density, this ratio was determined by minimizing the free energy with respect to its variations. It was found to be close to 1.04 and only slightly density dependent.
For the Xe(He)13 phase, we have chosen the cuboctahedrsl AB 13 structure of Murray and Sanders. 3 The Xe atoms sit on the comers of the cubic unit cell in position (0,0,0). One He atom sits at the center of the cube at position (1/2,1/2,1/2). The 12 other He atoms are in positions (1/2+a, 1/2+b, 1/2+c) where one of the three parameters (a,b,c) is equal to zero, the remaining two having equal moduli, but not necessarily the same sign. These positions are the comers of a cuboctahedron which has the six square sides parallel to the sides of the cubic unit cell, and the eight triangular sides perpendicular to the body diagonals of the cubic unit cell. The free energies are minimized with respect to the ratio rid of the cuboctahedron radius r to the side d of the cubic unit cell. The optimal value of this ratio was always found to be close to 0.59.
For each structure, the thermodynamic stability with respect to phase separation into two pure crystals is determined by the sign of the difference
wheregi (P,T) is the Gibbs free energy per particle in phase i, and x the mole fraction of He in the compound phase; the compound phase is stable if this difference is negative. We first investigated the stability of the two compounds for a He-Xe potential obeying the LorentzBerthelot rules. A plot of Ag(P,T) vs Pat T=300 K is shown in Fig. 4 for the AB2 structure. Both the LH and the VG methods predict this structure to be stable at all pres- sures at this temperature. Note that although the two approximations used yield predictions that are extremely similar for the absolute values of thermodynamic quantities, they differ by about 0.4kBT in their estimation of the free energy difference Ag. This difference, however, appears relatively small compared to the amount by which the ordered structure is stable (about 3k B T at 20 GPa). The AB13 structure, on the other hand, was found to be unstable (using the LH method) by 5k B T at 15 GPa, with Ag strongly increasing with pressure. We considered the influence of deviations from the Lorentz-Berthelot mixing rules on the stability of the compounds. Data on pure pair potentials 35 indicate that the most likely deviations correspond to positive values of ~ and A. These two types of deviations in themselves were found to have opposite effects on the stability of the ordered compound. A decrease in the interaction energy parameter EHeXe (~> 0) decreases Ago This indicates that the repulsive part of the potential plays a dominant role in the free energy balance. On the other hand, a positive nonadditivity of the diameters (il > 0) has a strongly destabilizing effect on the ordered structure. In fact, if 8=0, a nonadditivity of 2% to 3% (depending on the approximation used) is enough to destabilize AB2 over the entire pressure range we consider. The effects of positive ~ and il tend of course to compensate each other. In particular, we find that if we adopt the values that are available for the pure pair potentials,35 ~=0.46 and ,1.=0.075, the AB2 structure is still stable by about 1kBT at P=20 GPa.
Finally, we also studied the effect of aHeXe en the stability of the van der Waals compound. Using aHeXe= 14.0, ~=0.46, and ,1.=0.075, the XeHe2 phase was still found to be stable, by about 1kBT at 20 GPa. This value of a is expected to be an upper bound since it is equal to the one of pure xenon. Therefore, and considering that this phase is stable for a large range of potential parameters, it is rea-sonable to conclude that XeHe2 is a stable phase with respect to the pure component phases.
It was also explored by how much the parameters would have to be changed in order to yield a stable XeHe13 compound. It was found that for A = 0, this phase was not stable for 8 as high as 0.5, which indicates that it is very unlikely to be found experimentally. This is consistent with the fact that for hard-sphere mixtures, AB13 has a lower packing fraction that the pure components. 3, 4 v. DISCUSSION Our calculations suggest that the existence of ordered compounds in mixtures of noble gases is compatible with a description in terms of simple pair potentials. This confirms the idea of van der Waals compounds as composed of van der Waals molecules that interact in the same way as at low density. I The calculations seem to corroborate the predictions that can be made simply on the basis of the "size ratio" between atoms. The sensitivity of the results to slight deviations from additivity indicate however that such "naive" considerations could sometimes yield erroneous conclusions. In fact, the ability of a pair potential to correctly predict the stability of ordered structures may constitute a sensitive test of its correctness, assuming of course that the stability of such structures is experimentally unambiguously established.
Recent work by Jean-Louis et al. 2 has claimed experimental evidence for a Ne(Heh compound, which was supported by theoretical calculations using a cell model. The existence of a compound phase in this case is unexpected on geometric grounds, 3 since the diameter ratio of He and Ne is around 0.95. However we feel that the calculation presented in Ref. 2 for a pressure of 15 GPa could be improved, since it relies on pure pair potentials for Ne and Ne-He rather than effective potentials or inclusion of many-body interactions, and arbitrary adjustment of one of the Ne-He potential parameters. Here, we briefly present a calculation using an exp-6 potential for Ne that is fitted to high pressure solid-state data and found to be in very good agreement with melting data. 34 For the He-Ne potential, an exp-6 potential with two estimated parameter sets were used; the first one is following Eq. (7) above and taking 0, A, and r equal to zero (Lorentz-Berthelot rules), and a second one, where 0 and A were taken to be the values from Ref. 35 . In the first case, Ne(He)2 is unstable to demixing in the pure components by about 2kBT at 15 GPa, while in the second and probably more reasonable case, it is unstable by about 5k B T. This shows that the present calculations are in agreement with size ratio considerations. More experiments are necessary to confirm the existence of Ne(Heh, since its existence counters simple size ratio arguments.
